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ABSTRACT

For any n > 3 we give numerous examples of central division algebras of
exponent 2 and index 2™ over fields, which do not decompose into a tensor
product of two nontrivial central division algebras, and which are sums of
n + 1 quaternion algebras in the Brauer group of the field.

Also, for any n > 3 and any field ko we construct an extension F/kg
and a multiquadratic extension L/F of degree 2™ such that for any proper
subextensions L1 /F and La/F

W(L/F) # W(L1/F)+W(L2/F), 2Br(L/F)# 2Br(L1/F)+2Br(L2/F).

1. Preliminaries

Let F be a field of characteristic not 2. A well-known result of Albert states
that any central division algebra of index 4 and exponent 2 over F' is a tensor
product of two quaternion algebras [A]. In [T1] Tignol proved that any algebra
of index 8 and exponent 2 is similar to a tensor product of four quaternion
algebras. Moreover, by Merkurjev’s theorem [M], any central simple algebra A
of exponent 2 over a field is similar to a tensor product of quaternion algebras. In
other words, any element [A] of 2 Br F is a sum of classes of quaternion algebras.
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If the index of A is 2™, then, obviously, the number of summands in this sum
is not less than n. If this number equals n, then by dimension count A itself is
isomorphic to a tensor product of quaternion algebras. We call a central simple
algebra over a field, decomposable, if it is a tensor product of two nontrivial
central simple algebras over the same field. Otherwise, we say that the algebra
is indecomposable. Obviously, if the algebra is indecomposable, it is necessarily
a division algebra, i.e. a skewfield. The first example of indecomposable algebra
of index 8 and exponent 2 was given in [ART]. In [K] Karpenko gave examples
of indecomposable algebras of exponent 2 and index 2" for any m > 1, n > 3,
n > m. An algebra A of such a type is obtained by means of the “generic”
splitting of another algebra of index and exponent 2. However, if exp A = 2
and [A] = >P [(a;,b;)] in these examples, it is unclear how small one can
choose the number of summands p. In this paper we construct, for any field kg
and n > 3, an indecomposable algebra of index 2™ over some field E/kg, which
is a sum of n + 1 quaternion algebras in o Br E. One can choose the field FE
having no proper odd degree extension. Moreover, all the summands are split
by the same prescribed multiquadratic field extension of degree 2™ over E. The
description of the field F and the quaternion algebras is quite transparent.

We refer the reader to [Sch] as the main source concerning central simple
algebras and quadratic forms over fields. The notation used in the sequel is
more or less standard and coincides with the notation in [S]. All the fields in
the paper are supposed to be of characteristic different from 2. If F' is a field,
then o Br F' stands for the 2-torsion of the Brauer group of F. Slightly abusing
notation we will often identify a central simple algebra and its class in the
Brauer group. W(F) and I(F) are respectively the Witt ring of F' and the
ideal of evendimensional quadratic forms in W(F). By K3(F) we denote the
Milnor’s K5 group of F. For u,v € F* the symbol (u,v) denotes the quaternion
algebra over F' generated by the elements ¢ and j with the relation

2=u, F=v ij=—ji

If C is a projective conic over a field k, and p is a closed point of C, then k(C')
is the function field of C, and k(p) is the residue field at p. If f € k(C)", then
(f) is the divisor of the function f. The abbreviations res, N, ind, deg denote
respectively restriction, norm, index and degree. If L/F' is a field extension and
Ais a central simple algebra over F, then by definition A, =res;/p A = AQFpL.
We will write simply A® L instead of AQ L, or even merely A, if the restriction
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is clear from the context. The tensor product of central simple algebras over F'
is always considered over F'. The sign ~ means similarity of algebras, i.e., their
equality in the Brauer group of the field.

2. Auxiliary and related results

The crucial point in the examples that we are going to give is some quaternion
algebra, which was constructed in [S] and which is the basic tool in the proof
of nonexcellency of multiquadratic field extensions in general. For the reader’s
convenience, we recall the construction of this algebra; moreover, that we need
some additional properties.

Let ko be a field. Suppose n is a positive integer and @, by, ..., b, € kzé/k:(*)2
are linearly independent over Z/2Z.

LEMMA 1: There exist a tower of fields kg C ki C --- C k, and elements

xi,yi € kI for every 1 <14 <n such that the following conditions hold:

1) The elements a, by,...,by, remain linearly independent in kz;’;/kf

2) Put B; = Zzl(bi,xi + yiv/a) € 2Brkj(y/a). Then for any 1 < j < n
ind B; = 2.

3) Put A; = Zgzl(bi,xf —ay?) € 9Brk;. Then for any 1 <i < j <n and a
finite field extension 1/ko such that (A;)i; = 0, either Vb; €1 or \/ab; € 1.
In particular, [l : ko] > 27.

Proof. Let z1,y1 be indeterminates, k1 = ko(x1,y1). Put
Ay = (b, 23 —ay}) € 2 Brky, By = (b1, 21 +y1va) € 2 Brk;(Va).

We will prove the lemma by induction on n. If n = 1, conditions 1) and 2) are
obvious. To check condition 3) in this case, put Iy = I(v/a)(y1) and consider
the second residue map

O ay, 2 Brli(z1) — /157

with respect to the linear polynomial 2y —+/ay:. Since 8, _ /a,, (b1, 27 —ay?)) =
b1, we get that by is a square in [y, hence in I(y/a), which is just what we need.

Now let n > 2. Assume that we have already constructed a tower of fields kg C
k1 C -+ C kn—1 and the algebras A;,...,A,_1,B1,...,B,_1 with the required

conditions. Suppose By,_1 = (u1+v1y/a, us+ve+/a), where uy, ug, v1,ve € ki .
Let t1, t2, t3 be indeterminates, and k,, = ky,—1(t1, t2, t3). Let further x,,, y, € ky,



368 A. S. SIVATSKI Isr. J. Math.

be such elements that

Tn + ynva = (u1 + v1vVa)t; + (u2 + v2v/a)t3 — (u1 + viva)(uz + v2v/a)t3,
ie.,
Ty = urt? + ugts — (uyus + avlvg)tg,
Yn = vit? + vot3 — (uyva + ugvy 3.
Put
Ap = Ay 1+ (b, 22 —ay?) € 9 Brk,,
Bp = Bn_1 + (bp, Ty +ynva) € 2 Brk,(va).

It is easy to see that @, + y,\/a is a square in (B,—1)k, ,(,/a), Which implies
that

B oyt =
hence ind B,, < 2. Obviously, (Bn-1), (va) 7 (bn, Tn + Ynv/a), so ind B,, = 2.
Now suppose that a finite extension [/ko is such that
0= (A")lkn = (An—l + (bnwri - ayr%))lkn-
Then

0= (An)lkn(\/ﬁ) = (An—l)lkn(\/ﬁ) + (bm (xn - yn\/a)(xn + yn\/a))lkn(\/a)-
Put K = lk,—1(v/a,t1,t2). We can view the algebra

(An—l)lkn(\/&) = (bn, (xn — ynVa)(z, + yn\/a))lkn(\/&)

as an algebra over K (t3). It has no residues with respect to the second residue

map

a = @8p . QBI‘K(tg) — HK(p)*/K(p)*Q,

where p runs over all monic irreducible polynomials from K[t3]. On the other
hand, the monic polynomials

(u1 + viva)td + (ug + v2y/a)t3 _ —(@n + yn/a)
(u1 +v1va)(uz + v2/a) (u1 +v1va)(uz + v2v/a)

Py(t3) =t3 —

and
Pyfte) = 2 - VDB (w2 = vV (0 — v/
3 (Ul - 'Ul\/a)(UQ — ’UQ\/E) (ul _ ,Ul\/a)(u2 — ,02\/5)

are distinct. Hence
0= 6P1((An—1)lkn(ﬁ)) - bn7
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and so,

(u1 +v1va)(uz + v2v/a)

This obviously implies /b, € lk,(y/a). Therefore, either /b, € Ik, or
Vab,, € lk,. Since the extension k,/kq is purely transcendental, we get that
either \/b,, € I, or vab,, € l. In both cases it follows that (b,,z2 — ay? )i, = 0.
Since

2 2
Vb, € lky, (ﬁ,tl,t% \/(u1 +viva)t] + (uz + 1)2\/5)152> .

0= (An), (va) = (An—1) 1k, (ya) T (b, x5, — ay?z)lkn(\/ﬁ)a
we get
(An—l)lkn(\/ﬁ) =0.
Since ky, = kn—1(t1,t2,t3), it follows that

(Anfl)lkn,l(\/a) =0,

and by the induction assumption we conclude that for any 1 < i <n — 1 either
Vb; €1 or \/ab; € I. The induction step is done, so the lemma is proved. |

Since ind B,, = 2, it follows that ind A, = ind Ny (@) /k, (B,) =2or4. If
ind 4, = 2, put k = k,,. If ind 4,, = 4 put k = k,,(¢), where ¢ is an Albert form
corresponding to A,. It is easy to see that condition 3) remains valid for the
field k and the algebra (A,),, i.e., if the extension /kq is finite and (A,),, =0,
then for any 1 < i < n either v/b; € [ or v/ab; € .

Now put A = (Ayn)y, B = (Bn)y(yq)- Let C be the projective conic over k
corresponding to A. Set F' = k(C). Then, obviously, Ar = 0. Consider the
exact sequence [M]

SoBrF =8 2 Br F(va) LA 9 BrF.
Since

0= Ar = Np(ya) r(Br(va));
we have Bp(/q) = Dp(yq) for some D € 2BrF. Since ind B = 2, we get
ind D < 4. Tt is well-known that if ind D = 4, then D = D; + D5 for some
Dy,D5 € o Br I, such that ind D; = ind D2 = 2 and DQF(\/E) = 0. Hence, we
may change D for D; and so assume that ind D < 2.

From now on we will assume that n > 2. Put L = F(\/a, /b1, ...,vb,). Let
F C Fi, C F5 C L be a tower of fields such that

\/E¢F2, [F22F1]14, [LFl]:g
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Obviously, L = Fy(y/a) = Fi(y/a)Fy and Fy = kl1(C), Fy = kl3(C) for some
multiquadratic extensions Iy /ko, l2/ko of degree 2"~2 and 2", respectively.

PROPOSITION 2: 1) The elements @, by, . ..,b, remain linearly independent in
F*/F*Q,'

2) ind D = 2;

3) DL = 0,‘

4) the algebra Dp, does not decompose into a sum Dp, = Dy + Do, where
D, € 9 Br(Fi(v/a)/F1) and Dy € 2 Br(Fy/Fy);

Proof. 1) Obvious.

2) Assume that ind D = 1, i.e. D = 0. Then By /z) ) = 0, hence By /) is
either 0 or Ay /q). In both cases A = Ny /q)/1B = 0, a contradiction.

3) Obvious, since Dg( /a) = >y (bi, i + yirv/a).

4) Assume the contrary, i.e., that D = D+ Dy, where Dy € o Br(Fy(y/a)/F1)
and Dy € o Br(Fy/Fy). Then

Br, (va) = Dri(va) = D2r (va):

Denote the field kl; by E, so that Fy = E(C) Consider the points z1,...,2, €
C;, at which the algebra D has nonzero residues under the second residue map

2BrF — [] k) /R
2€C;
Since B is defined over k(y/a), the algebra Dap, (/z) = Bp, (/) has no residues
at all. This implies that the residues of Dy at the points z1, ..., z,, are equal
to a. Recall that F» = kl3(C), and let ¢1,...,¢, € ki be elements such that
ly = ko(\/c1,...,y/cn). Therefore, since Dy, = 0, we have for any j

L2
U5 (23) (et /Em) € k(zj)(\/_lvv\/a)

.....

Denote by c; the product [[,.; ¢; (the similar notation will be used also in the

o2
sequel). Thus, given any j, we have ac; € k(z;) for some I C {1,...,n}
depending on 7, i.e.,

o~ o~

k(\acr) C k(z;). |
LEMMA 3: For any j we have 4|deg z;.

Proof. Assume this is not the case. Consider the tower k C k(1/c)
where ¢ = acy and I corresponds to the point z;. Notice that \/c ¢
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for otherwise /c € kla, and so \/a € F5, a contradiction. Hence [E(z]) :k(,/0)] is
odd. Since AE(zj) = O we conclude that Az 7 = 0. Therefore, (An) gty (ve) = 05
a contradiction to Lemma 1, since [I1(y/¢) : ko] = 277!, The lemma is
proved. |

Now we use the fact that any divisor of degree zero on a projective conic
is principal. Choose any y € C; such that degy = 2. Let s = Yot deg z;.
Consider the divisor a = —(s/2)y + Y-, z;. Obviously, dega = 0, hence there
is f € Fy such that a = (f). The algebra (a, f) has nonzero residues just at
the points z1,...,2m,, since by Lemma 3 the number s/2 is even. Moreover,
all these residues are equal to a. Therefore, the algebra 15\2 = Dy + (a, f)
has no residues, i.e., Dy € 2 Br(C;). Merkurjev’s theorem [M] claims that
K»k(C)/2K2k(C) ~ 5 Brk(C). Hence by (|Su], Lemma 5) we get that either

l/)\g IS resFl/E(g Br@)
or
2 Br(Cy)/ vesy, 7.(> Brk) = 2/2,

and the element D2 is nontrivial in this factor group.
In the first case let D2 =resy, D for some D € 2 Brk. Then

(D+Bliyae) = (D2 + Bliyayc) = P2+ Bliyao)

=D+ Bl ayc) =0

Hence (13 + B);(ﬁ) is either zero or AE(\/E)' But then

0= NivayiD+B) =Ny i

hence (A")llkn = 0, a contradiction to Lemma 1, since [l; : ko] = 2"~2. In the

B = A,

second case, when 15\2 ¢ resp /g (2 BrE), let A = (a1,a2), where a1,a2 € k*.
Then F} is the quotient field of the ring k[u1,us]/(a1u? + azu? — 1), where
u1,u2 are indeterminates. It is easy to see that NFI/E(ul)(ﬁQ) = A. Consider
the commutative diagram

QBrFl $ QBrFl(\/E)

g g

»Brik(u) ——= 5 Brk(va)(ui)
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So we have

TeS7 (/@) (un) /A A = TOR(y@) () /) © VE /i) (P2)
= Nevaiwvm) © Tnvam P2) = Ne, e m ) (B) = 0,
hence res; =, (A) = 0, a contradiction to Lemma 1, since [l1(va) : ko) =21,
Thus Proposition 2 is proved. i
Recall that L = F(y/a,v/b1,...,v/b,). Proposition 2 implies the following
corollary, which is of some independent interest, and which can be considered

as a generalization of Theorem 5.1 in [ELTW].

COROLLARY 4: Let FF C Ly C L, F C Ly C L be proper field subextensions of
L/F. Then

1) D ¢ 9Br(L1/F)+ 2 Br(Le/F). In particular,
QBI'(L/F) 7é QBr(Ll/F) + QBI‘(LQ/F)

2) f ¢ W(L1/F)+ W(L2/F), where f € W(L/F) is the 2-fold Pfister form
corresponding to D.

Proof. 1) Obviously we may assume that [L: L] = [L : Ly] =2 and L = Ly Ls.
Then [L : L1 N Lo] = 4. Choose a field F; such that

FCF CLiNLy, va¢F:, [LinLy:F]=2
Then
[L:Fi)=8, [Li:F]=[Ly: Fi] =4,
Ly =Fi(Vdi,\/d2), L»=Fi(\/di,\/ds)

for some di,ds,ds belonging to the multiplicative group generated by the el-
ements a,by,...,b,. We will show that Dp, ¢ oBr(Li/F1) + 2 Br(Lo/F1).
Assume the contrary. Then

DFl = (dl’el) + (d27e2) + (d3563)

for some e, eq,e3 € Fy. Obviously, we may suppose that a is equal either to
d;, or to d;d; (i < j), or to didads. We have

DF1 = (dldg, 61) —+ (dQ, 6162) —+ (d3, 63) = (d1d2d3, 61) —+ (dQ, 6162) —+ (d3, 6163).
Put Fy = Fy(\/dz,/d3). We conclude that
Dr, € 2Br(Fi(Va)/Fi) + 2 Br(Fy/F),
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which contradicts Proposition 2.

2) This part easily follows from part 1). Indeed, assume that [f] = [f1] +[f2],
where f1 € W(L1/F), fo € W(Lz/F). Obviously, disc(f1) = disc(f2). Let
g1,92 € I?(F) be forms, such that dim(f; L —gi)an < 2 for i = 1,2, It is
clear that ¢; € W(L;/F). If D; € 9BrF correspond to g; under the map
I?(F)/I3(F) ~ 9 Br F, then D = Dy + (Ds + (disc fa,u)) for some u € F*, a
contradiction to part 1) since < disc(f2))) € W(L2/F). 1

LEMMA 5: Let K be a field, K((t))oqq any maximal odd degree extension of
K((t)). Then the following holds:

1) there exists a field inclusion Koqq((t)) — K((t))oaa over K((t)) for some
maximal odd degree extension K,qq of K;

2) K((t))gg /K (1) ygq™> = Kodad"/Koad™ @ Z/2Z, where the element t €
K((t))odd*/K((t))odd*2 corresponds to the nontrivial element of Z/27 and
Koda* | Koad™ is naturally embedded into K ((t)),,," /K ((t)),44*" under this

isomorphism.

Proof. 1) Any finite extension L of K ((t)) is a complete valuation field of char-
acteristic equal to the characteristic of its residue field. We have L = L((r)),
where L is a subfield of L isomorphic to the residue field and = is a uniformizer
([Se], Chapter 2, Theorem 2). It is easy to check that we can choose for K,qq
the union of all finite extensions of K contained in K ((t))odd-

2) Assume L/K,qq((t)) is a finite odd degree extension. Then

L~ Koqa((7)), L*/L** ~ Koaa" | Koaa™” & L/2Z,

where m € L*/L*? corresponds to the nontrivial element of Z/2Z and
Kodd*/KOdd*2 is naturally embedded into L*/L*Q. Denote by v the discrete
valuation on L. Obviously, v(t) is odd, hence 7t € Kodgl*/Kodd*2 s L*/L*?.
Therefore, there exists another isomorphism

L)L ~ Koad" | Koad™ ® 222,
where t € L*/L*? corresponds to the nontrivial element of Z/2Z and

Kodd*/KOdd*2 is naturally embedded into L*/L*Q. Also it is clear that the last
isomorphisms are compatible for various L, which completes the proof. |
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COROLLARY 6: Let K be a field, E = K((to))...((tn)) the iterated Laurent
series field. Let FE,qq be any maximal odd degree extension of E. Then

Koaq = Foad, Eodd*/Eodd*2 =~ K::dd/K;ddQ D (Z/2Z)n+1

for some maximal odd degree extension K,qq of K, and under this isomorphism
the element t; (0 < i < n) corresponds to the nontrivial element of the i + 1-st
factor of (Z/22)"*" while K*,,/K*,,? is naturally embedded into E*,,/E*,?.

Proof. Taking into account Lemma 5, the proof is immediate by induction on
n. |

LEMMA 7: Let K be a field, let ¢, ...,¢, € K*/K*2 be linearly independent
elements. Suppose the algebra o € 2 Br K is such that ax( /z, /e,...../em) 7 0-
Let further tg, ...,t,,x be indeterminates. Then for any 0 <i<n+1

ind[a + (co, to) + -+ + (e, tn)]p > 2712,
where

E=K((to)) .- ((ti-1))((2))((t:)) - - ((tn))-

Proof. The argument is by induction on n. Suppose first that ¢ < n. Put

By = K((t0) .. (b)) (@) (1)) - - (tn-1)).

By induction hypothesis ind[a + (co, to) + -+ + (Cn—1,tn-1) g, ( ar)] = PASEN
Applying Tignol’s theorem ([T2], Proposition 2.4) we finish the proof. If i =
n + 1, the argument is similar with a slight modification. |

3. Construction of indecomposable algebras

We turn now to construct the indecomposable algebras of an arbitrary 2-primary
index and exponent 2. From now on we change the notation a bit.
Let F be an arbitrary field, n > 2, a,b1,...,b, € F*, D € o Br F. We call
the triple (F, D, {a,b1,...,b,}) admissible if the following conditions hold:
a) the elements @,by,...,b, € F*/F** are linearly independent;
b) ind D = 2;
c) DF(\/E,\/El,...,\/En) =0;
d) for any tower F C Fy C Fy C L = F(y/a,vby,...,\/b,) such that

\/5¢F2*, [LZFl]:g, [FQIFl]:4
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we have
D, ¢ 2 Br(Fi(va)/F1) + 2 Br(F2/F1);
e) the field F' has no proper extensions of odd degree.

Notice that Proposition 2 give us examples of triples satisfying conditions
a) — d) of the above definition.

PROPOSITION 8: 1) Ifthe triple (F, D,{a,b1,...,b,}) satisfies condition a)—d)
above, then the triple (Foqd, Dodd, {a,b1,...,bn}) is admissible.
2) If the triple (F, D,{a,b1,...,by}) is admissible, n > 3, ¢ € F*, and

F(\/aa\/l;h""\/gn) :F(\/Ea\/aa\/aa"'a V bn—1)7
then the triple (F(\/c), Dp(/c),{@,b1,...,bn—1}) is admissible as well.
3) If the triple (F, D,{a,bs,...,b,}) is admissible, and
L:F(\/aa\/gla-"a\/l_)n)a
then Corollary 4 holds for the extension L/F and the algebra D.
Proof. 1) Conditions a), b), ¢) and e) are obvious, and applying the norm map
we obtain condition d).

2) The proof is straightforward, and we leave it to the reader.
3) Obvious. |

Now let (F, D,{a,b1,...,b,}) be an admissible triple. Put E=F((to)) ... ((tn)).
Suppose C' is the division algebra over E such that

C~D® (a,to) @ (br,t1) @+ @ (bn, tn).
The main purpose of the present article is the following

PROPOSITION 9: 1) ind C' = 2"+,
2) The algebra Cyqq def Cg
nontrivial algebras over any maximal odd degree extension F,qq of F.

ae does not decompose into a tensor product of two

Proof. 1) Since C, = 0 we have ind C' < 2""1. On the other hand, applying
Lemma 7 to the field Fy = F((to)) and the algebra Co = D ® (a,tg) we get

indC' = ind[(D + (a,to)) + (b1, t1) + - + (by, t,)] > 271

2) The proof is by induction on n. Assume that the algebra Copqq is decom-
posable, Coqq >~ D1 ®F,,, D2 and ind Dy, ind Dy > 2. Consider two cases:
a) ind D; = 2 or ind Dy = 2.
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Suppose for instance ind D; = 2. By Lemma 5 Dy ~ (pty, sts), where
I,Jc{0,1,...,n}, p,se€F*
Case a) splits in turn into two subcases.
al) T #0orJ#0. Assume I # 0.
Suppose I = {k + 1,k + 2,...,n} for some k (the general case can be
treated similarly, using Lemma 7). Then we have
CBoaa(virn =D + (a;t0) + (b1, t1) + -+ + (bn—-1,tn-1)
+ (b, plry1 - tn-1)
=D + (bnap) + (a/atO) + (b17ﬁ1) + -+ (bk;tk)
+ (karlbna thrl) + -+ (bnflbn; tnfl)-
The field E,q4(+/ptr) can be considered as an iterated Laurent series field,
namely, FEoqq(v/ptr) = F((to)) ... ((tn-1))((z)), where x = /pt;. Put

L, = F(\/aa \/aa R \/ﬁ; V bk+1bn7 eV bn—lbn)7 Ly = F(\/E)

Since ind C_ (i) = 1/2ind C' = 2", it follows by Lemma 7 that
(D + (bn,p))r, = 0.

Therefore,
D = (D + (bn,p)) + (bn,p) (S BI‘(Ll/F) + 9 BI‘(LQ/F),

which contradicts Corollary 4.
a2) I =J=10,ie Dy =(p,s), where p,s € F*.
Then

lnd[D + (p,S) + (aatO) + (blatl) +oeeet (bnatn)] =ind Dy = 2n’

which contradicts Lemma 6.

Thus we have completed the proof in the case a). In particular, we have
proved indecomposability of C' in the case n = 2.

b) ind D; > 4 and ind Dy > 4.

In particular, n > 3.  Obviously, either indDig_, (/s = indD; or
ind D2Eodd(\/5) = ind D5. Assume that ind DlEodd(\/E) = ind D;. Since any fi-
nite extension of E,4y is a tower of quadratic extensions, there exists ¢ € E,qq"
such that ind D1g_, (/o) = %ind D+. Moreover, since F' has no proper odd de-
gree extensions, we may assume by Lemma 5 that ¢ = pt; for some p € F* and
Ic{0,1,...,n}. Let Dig,_,,(/pe;) ~ D1, where D} is some nontrivial division
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algebra over FE,qq(y/ptr). If I # 0, we come to a contradiction just as in case
a). So suppose that I = (). Since ind D1g,_,,(,/5) = ind D1, we have pa ¢ F*2,
and

indCEodd(\/f?) = 1nd[D -+ (a,to) -+ (blatl) 4+ .4 (bnﬂtn)]Eodd(\/f)) = 2",

It follows from Lemma 6 that the elements @, by, . . ., b, are linearly dependent in
F(\/ﬁ)*/F(\/f))*2 This in turn means that we may assume that either p = by
or p = aby for some § # I C {1,...,n}. Let p = by, for instance, where
I={k+1,...,n} (the general case can be treated with a slight modification,
and is left to the reader). Put

K =F(yp)((to))--- ((ta=1)), L =F(yD)((to)) - ((ta=1)) (V).
Then

D® (aatO) 0 (blaﬁl) Q& (bn—lvﬁn—l) ~ CLyaq ™ Dll OLoga D2

Loaa

for any maximal odd degree extension L,qq of L, containing Eodd(\/ﬁ). On
the other hand, by Proposition 8 the triple (F'(/p), Dr(p), {a; b1, ;bpn-1})
is admissible. Hence by the induction hypothesis for any maximal odd degree
extension K,qq of K we have

D® (a,to) ® (b17t1) K- (b”_htn_l)Kodd ~ ClKOddv

C1 being a division algebra over K such that it is indecomposable over K,qq
and ind C7 = 2™. By the first part of Lemma 5 we can choose K,q4q in such a
way that Koqa((vtn)) = Loaa over K((1/t,)). This implies

ClLodd ~ Dll ®Lyaq D2
Since, obviously, ind(D] ®r,,,, D2) =indCyp, ,, = 2", we have

ClL 2D11®LoddD2'

odd

By ([Se], Chapter 2, Theorem 2) the field Lyqq is the direct limit of fields
Koaa((u)), where u is an indeterminate. Hence for some u € L,qq the algebras
D} and D5 are defined over K,qq((u)) and

C1E paa((w)) = D1 ®K paa((w)) D2
It is well known that for any field k& and positive integer m not divided by char k
H2(k((2)), i) = H?(k, pim) © H' (k, Z/mZ),
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where ., is the group of mth roots of unity. From this and the cohomological
interpretation of the Brauer group it follows that

D’1 = res Dy, Ds =res Do

oo () o oo () o

for a sufficiently large 2-power s and some central division algebras 151 and 152
over K,qq. Since the natural map Br K,qq — Br Kodd((ui)) is injective,

Cik :fi+bv2,

odd

and by dimension count we conclude that

ClK ng ®K0dd D25

odd

a contradiction to indecomposability of the algebra C; over K,qq. |

Summing up the obtained results and changing the notation a bit we get the
following

COROLLARY 10: Let k be a field, n>3. Suppose the elements aq,. . .,a, € k*/kz*2
are linearly independent over Z/2Z. Then there exists a field extension F/k, a
quaternion algebra D € o Br F' and a division algebra C' € s Br F((t1)) ... ((tn))
of index 2™ such that

1) C is indecomposable over any odd degree extension of E = F((t1))...((tn))-
2) MQ(C) ~ (al,ﬁl) Rr - QF (anaﬁn) KF D.
3) D € 2Br(F(y/a1,...,\/an)/F).

Proof. This immediately follows from Propositions 2, 8 and 9. |
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